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1. Introduction

Rough set theory proposed by Pawlak [39], is an extension of the classical set theory and could be regarded as a math-
ematical and soft computing tool to handle imprecision, vagueness and uncertainty in data analysis. A key notion of rough
set theory is the approximation of a basic set by a pair of definable sets called lower and upper approximations. It is
characterized by a zero tolerance of errors, namely, an object in the lower approximation which certainly belongs to and
an object in the complement of upper approximation which certainly does not belong to the set. Rough set models with
quantitative information can be used to overcome certain limitation of Pawlak rough set and its generalized models [29,55].
The limitation indicates that Pawlak rough set and its relevant generalizations can not deal well with quantitative problems
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in real-life applications. The relationship between equivalence classes and the basic set is so strict that there are no fault
tolerance mechanisms available, and the quantitative information about the degree of overlap of the equivalence classes and
the basic set is not taken into consideration [54]. In fact, there are some degrees of inclusion relation between sets, and the
extent of overlap of sets is important information to consider in applications.

Improving the Pawlak rough set model with quantitative information is a promising direction and expansions of the
model that include such quantification are of particular relevance [69]. By introducing certain levels of errors, proba-
bilistic rough set (PRS) [55,59] and graded rough set (GRS) [58] are basic quantitative generalizations of Pawlak rough
set. PRS and GRS are two fundamental expansion models that achieve strong fault tolerance capabilities by utilizing
quantitative descriptions [69]. At present, there are some related generalized forms of these two models being studied
[22,23,34,36,37,46,56,63,70]. In order to have a better fault-tolerance mechanism, Greco et al. presented a parameterized
rough set model by considering the relative and absolute rough memberships in the lower approximation and upper ap-
proximation [10], and this parameterized rough set model was recalled by Yao et al. in reference [57]. The main idea
referred to literature [10] is to improve the fault-tolerance of rough approximations by considering two parameters in a
model. However, in fact, it is not difficult to reveal that both relative rough membership and absolute rough membership
considered in literature [10] belong to relative quantitative information essentially, and there is no absolute quantitative
information involved. As we know, the relative and absolute measures reflect relative accuracy and absolute accuracy from
two different quantitative viewpoints. Relative quantitative information and absolute quantitative information are two kinds
of quantification methodologies encountered in certain applications [31,32,68]. Double quantification regarding their fusion
has visible semantic background and feasibility. For this purpose, several works related to the double quantification have
been explored [6,14,26,29,30,32,44,50,60,64-67].

As an important notion in rough set theory, the information system provides a convenient basis for the representation
of objects in terms of their attributes. Due to the existence of complexity and uncertainty, several extensions of rough set
model have been proposed for different requirements to deal with particular problems. The existing extended research on
rough set models can be roughly summarized into two perspectives: (1) Extending data type. In Pawlak rough set model, the
data type is classical, that is, each object in the information system has only one definite value with regard to each attribute.
There are various generalized rough set models presented to tackle with the related data types in different information sys-
tems, which including set-valued data, interval-valued data, fuzzy data, intuitionistic fuzzy data, etc. And the corresponding
rough set models are respectively called set-valued rough set [40], interval-valued rough set [15,17,45], fuzzy rough set
(rough fuzzy set) [6,29,46], and intuitionistic fuzzy rough set [16,17]. There are also incomplete data among these different
data types, and many researchers have developed a lot of investigations on incomplete data and put forward sufficient rough
set models [4,21,38,53,62]. (2) Extending binary relation. There are two ways to extend the binary relation, one is to promote
the number of binary relation in an information system, the other is to change the type of binary relation. For promoting
the number of binary relation, we know that Pawlak rough set and its generalizations are constructed based on one equiv-
alence relation in an information system, and the approximation space generated by one equivalence relation is considered
as a granulation in an information system. In order to make rough set theory have a wider range of applications, Qian et al.
extended Pawlak’s single-granulation rough set to the multigranulation rough set model [41]. And later, many researchers
have extended the multigranulation rough sets [19,24,25,33,42,43,47,49-51,60]. For changing the type of binary relation,
one can use the similarity relation [29,48], tolerance relation [3,52,58], and dominance relation [3,11,12,16,20,27,28,53,61]
to generalize the equivalence relation in Pawlak rough set model, so that relevant different rough set models based on
different kinds of binary relations can be derived to meet different requirements.

In many real-life circumstances, the information system is no longer classical, namely, the binary relations in the in-
formation systems are not equivalence relations, but preference relations, such as dominance relation. We call this kind of
information system as ordered information system [5,33,40,53]. It is vital to propose an extension called the dominance-
based rough set approach (DRSA) to take into account the ordering properties of criteria [7,8,11]. The innovation is mainly
based on substitution of the indiscernibility relation (equivalence relation) in an ordered information system by a domi-
nance relation. Since Greco et al. initially studied DRSA in the year of 1998 [7,8], many scholars have investigated a variety
of rough set models based on dominance relation to solve different problems [3,9,11,12,16,18,20,27,28,33,35,53,61]. Similar
to Pawlak rough set model, the conditions imposed on the relationship between dominating set (dominated set) and upward
union (downward union) in DRSA are so strict that there are no fault tolerance mechanisms [1,2,10,12,18,57]. Quantitative
information about the degree of overlap of the dominating set (dominated set) and upward union (downward union) is not
taken into account.

In fact, we could allow a certain degree of inconsistencies to exist in real-life applications. Let us take an example. In an
ordered information system (U, AT Ud, V, f), for an object x; € U, the set of dominating x; is denoted by Dg, (x;). Assuming
that the number of elements in Dg, (x;) is very large, such as 10000, it means that the evaluations of these 10000 elements
under the condition attribute set A are better than that of x;, and in normal circumstances, the values of these 10000
elements under the decision attribute set d are also better than that of x;. However, if the value of the decision attribute set
of an element x; in Dg, (x;) is inferior than that of x; for some reasons, this will lead to a very clear inconsistency situation.
The purpose of DRSA is to construct a corresponding model to eliminate the inconsistencies between the decision attribute
set and the condition attribute set in an ordered information system and to ensure that there is no inconsistency in the
three decision regions obtained from the upper and lower approximations. In this case, however, the condition of defining
DRSA is too strict to exclude x; from the positive region because only one of the 10000 elements (namely 1/10000) causes
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the inconsistency. So it is proper to introduce the consistency level into the definition of upper and lower approximations
to improve the flexibility of DRSA. Several works have been conducted regard to this aspect [1,10,12,13,18], however, there
is still no relevant studies on introducing the consistency level from the double quantification viewpoint.

The purpose of this paper is to discuss the consistency decision analysis of rough set model with quantitative information
in ordered information systems, and introduce a pair of single-quantitative variable consistency rough sets and two kinds
of double-quantitative variable consistency rough sets to improve some results of DRSA. This is the motivation behind the
research presented here. The paper is organized as follows. Related concepts and definitions in DRSA are reviewed briefly
in Section 2. In Section 3, we introduce two kinds of quantitative consistency levels in an ordered information system
from the relative accuracy and absolute accuracy viewpoint, respectively. In Section 4, the formation process of relative
quantitative variable consistency dominance-based rough set approach (Rq-VC-DRSA) and absolute quantitative variable
consistency dominance-based rough set approach (Aq-VC-DRSA) are presented. In Section 5, we discuss two types of double-
quantitative variable consistency dominance-based rough set approach (Dq-VC-DRSA) models and the corresponding three-
way decision rules. In Section 6, we develop an illustrative case study to do the consistency analysis of decision rules in
DRSA and the proposed single-quantitative and double-quantitative variable consistency dominance-based rough set models
by assuming a questionnaire survey of airline service quality. Finally, Section 7 covers some conclusions and further research
directions.

2. Basic notions on DRSA

In this section, we review the basic concepts about DRSA in an ordered information system. The detailed description on
DRSA could be referred to [7,8].

Definition 2.1. An information system is a tuple (U, AT, V, f), where U is a non-empty and finite set of objects, and
U=1{x1,x2,---,Xxn}; AT is a non-empty and finite set of attributes, and AT = {ay,ay,- - -,an}; f ={filU — V;,l <m},
f1 is the value of q; on x € U, V| is the domain of a;, a € AT. A decision information system is an information system
(U, AT Ud, V, f), where AT Nd =@, AT is the condition attribute set, while d is called the decision attribute set.

In an information system, if the domain of an attribute is ordered according to a decreasing or increasing preference,
then the attribute is a criterion. An information system is called an ordered information system if all condition attributes are
criteria. In an ordered information system, =, is defined to denote the preference-ordered relation based on the condition
attribute a. That is, Va € A, if x =4 y, then x dominates y in A, denoted by xDg,y; if y =4 X, then x is dominated by y in
A, denoted by yDg,x.

Definition 2.2. [7,8] Let (U, AT, V, f) be an ordered information system, A C AT. Dg, is defined to be the dominance
relation with respect to A as

D, ={x,y)eU xU|f(x,a) > f(y,a),Va e A}.

Vx € U, two important sets of object x are obtained in the following:

(1) A set of objects dominating x, called A-dominating set, D}'A (X) ={y € U|yDg,x};
(2) A set of objects dominated by x, called A-dominated set, DEA (x) ={y € U|xDg, y}.

In an ordered information system with decision attribute set (U, AT Ud,V, f), the decision attribute set d makes a
partition of U into a finite number of classes Cl = {Cl;,t € T} and T ={1,2,---,n}. Each x € U belongs to one and only
one decision class Cl;. To each decision attribute value vg,, Cl = {x € U|f(x,d) = v4,}. The decision classes from CI are
preference-ordered according to increasing order of class indices, that is, for all r,s € T such that r > s, the objects from
Cl, are preferred to the objects from Cls. In other words, the classes CI represent a comprehensive evaluation of the objects
in U: the worst objects are in Cly, the best objects are in Cl;, and the other objects belong to the remaining classes Cl,
according to an evaluation improving with the index r € T.

Due to the preference order in the set of classes Cl, the sets to be approximated are not the particular classes but upward
unions and downward unions of the classes, respectively.

a7 = Ja. af = Jc.t=1.2,-- .n.

s>t s<t

Definition 2.3. [7,8] Let (U, AT, V, f) be an ordered information system, A C AT, t =1,2,---,n. The dominance-based
rough set approach (DRSA) can be defined as
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e the lower and upper approximations of the upward union le are

Ra(CI7)={xeU:DE (x) SCIT);
Ra(Cl7)=1{x€U: Dy, () NCI7 #0},

e the lower and upper approximations of the downward union le are

RA(CIT) = {x e U: Dg, (%) S CIT )
RA(CIY) = {xe U:D§, (0 NCIS #).

For t =1,---,n, it is to verify that the upper approximations of Cl? and le satisfy
RA(CIT)=U — Ra(U — CI7), RA(CIT) =U = Ra(U — CI).
And the corresponding boundary regions of Cl? and le are defined as

Bn(CI7) =Ra(CI7) — Ra(CIT), Bn(CIT) = RA(CIS) — Ra(CLY).

The above definition of rough approximation is based on a strict application of the dominance principle. However, when
defining non-ambiguous objects, it is reasonable to accept a limited proportion of negative examples, particularly for large
data tables. Such an extended version of DRSA is called a variable consistency dominance-based rough set approach (VC-
DRSA) [13]. The rough approximations defined within DRSA are based on consistency in the sense of dominance principle. It
requires that objects having not-worse evaluation with respect to a set of considered criteria than a referent object cannot
be assigned to a worse class than the referent object. However, some inconsistencies may decrease the cardinality of lower
approximations to such an extent that it is impossible to discover strong patterns in the data, particularly when datasets
are large. Thus, a relaxation of the strict dominance principle is worthwhile. The relaxation introduced in this paper to the
DRSA model admits some inconsistent objects to the lower approximations, the range of this relaxation is controlled by an
index called consistency level.

3. Quantitative consistency level

In the real world, we may come across the decision tables where the better condition attribute values are, the better
the decision value is. This is the case where the condition attribute value of the object is consistent with the evaluation of
the decision attribute of this object. But sometimes there is a situation that the condition attribute value of one object x
is larger than that of another object y, but the evaluation of the decision attribute value of object x is worse than that of
object y. This is the case when the condition attribute value of object is inconsistent with the evaluation of the decision
attribute of that object. Then DRSA is proposed to deal with this inconsistency situation.

As we mentioned in the part of Introduction, the definition of lower and upper approximations in DRSA is too strict
to deal with this inconsistency, and there is no fault-tolerance mechanism available. In fact, when the dataset is large, we
could allow certain errors to exist. It is reasonable to introduce a certain degree of consistency threshold in the lower and
upper approximations in DRSA. That is the reason why the VC-DRSA [13] was developed by Greco et al. In reference [13],
authors introduced an indicator to define new lower and upper rough approximations, this indicator is actually the relative
quantitative consistency level to be studied in this section.

When we consider introducing the consistency level into DRSA, we can construct the quantitative consistency level by
the mentioned two kinds of quantification indexes, thus the relative and absolute quantitative consistency levels could be
obtained.

Definition 3.1. For an attribute set A C AT, we say that x € U belongs to Cl? with no ambiguity at relative quantitative
consistency level @ € (0,1], if x € le and at least « * 100% of all objects y € U dominating x with respect to A also belong
to Cl? , i.e.

=
D, ) NCI | _
D%, (I
The level « is called consistency level because it controls the degree of consistency between objects qualified as belong-

ing to Cl? without any ambiguity. In other words, if o < 1, then (1 — &) * 100% of all objects y € U dominating x with
respect to A do not belong to Cl? and thus contradict the inclusion of x in le.
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Similarly, for attribute set A we say that x € U belongs to le with no ambiguity at relative quantitative consistency
level a € (0,1], if x € le and at least « * 100% of all objects y € U dominated x with respect to A also belong to Cl'“<, i.e.

D, (x)NCI¥
| RA(,) a -
IDg, (|

Thus, for attribute set A, each object x € U is either ambiguous or non-ambiguous at consistency level « with respect to
the upward union Cl? (t=2,3,...,n) or with respect to the downward union le t=1,2,..,n—1).

There are two kinds of absolute quantitative consistency levels, one is called internal absolute quantitative consistency
level and the other is external absolute quantitative consistency level.

Definition 3.2. We say that x € U belongs to CI? with no ambiguity at internal absolute quantitative consistency level
ke (,|U]], ifxe le and the numbers of objects y € U dominating x with respect to A inside Cl? exceed k, i.e.

IDE, () N CIT| > k.

Similarly, x € U belongs to le with no ambiguity at internal absolute quantitative consistency level k € (0, |U|], if
Xe le and the numbers of objects y € U dominated x with respect to A inside le exceed k, i.e.

D, () NCIT| > k.

Definition 3.3. We say that x € U belongs to Cl[> with no ambiguity at external absolute quantitative consistency level
ke (0,|U]], if Cl? and the numbers of objects y € U dominating x with respect to A outside Cl? are at most k, i.e.

IDE, ()| = IDE, ) N CIT | <k.

Similarly, x € U belongs to le with no ambiguity at external absolute quantitative consistency level k € (0, |U]], if le
and the numbers of objects y € U dominated x with respect to A outside Clt> are at most k, i.e.

D, ®)| — D, ®) N CIT | <k.

Based on the above two different forms of consistency level (relative quantitative and absolute quantitative), we can
present the corresponding two single-quantitative variable consistency dominance-based rough set approaches, which will
be studied in the next section.

4. Single-quantitative variable consistency dominance-based rough set approaches

In this section, we respectively investigate two kinds of single-quantitative variable consistency dominance-based rough
set approach (Sq-VC-DRSA) models, which are relative quantitative variable consistency dominance-based rough set ap-
proach (Rq-VC-DRSA) and absolute quantitative variable consistency dominance-based rough set approach (Aq-VC-DRSA).
Let us first discuss the following Rq-VC-DRSA.

4.1. Rq-VC-DRSA

Definition 4.1. Let (U, AT Ud, V, f) be an ordered information system, A C AT, t=1,2,---,n, and the relative quantitative
consistency level o € (0, 1], the relative quantitative variable consistency dominance-based rough lower approximation of
the upward union Cl? with respect to attribute set A is defined as a set of objects x € Cl? whose relative quantitative
consistency level are not less than o, denoted as

IDE (x)NCI7|
Ra (CIT)={xeCl : —22 1 >
D%, @)

By duality, the relative quantitative variable consistency dominance-based rough upper approximation of the upward union
Cl? can be defined as

Raa(CI7)=U —Ra (U —CI7).
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Similarly, the relative quantitative variable consistency dominance-based rough lower and upper approximations of the
downward union le are

Dy (x)NCLS
DR, ®NCIFT
Dy, @

Rao(CIT)=U —Ra (U —CI7).

)

Ra, (CIY) = {xeCl

Theorem 4.1. The upper approximations of upward union Cl? and downward union le in Rq-VC-DRSA have the following expres-
sions.

_ Dy (0NCl”
(1) Rag(Cl7) = CIF UfxeCls , ; Pra®0d]

oy 1ok
) = IS = IDE, e
(2) Rao(CIT)=CIF UfxeCl7,, W >1—a)

Proof. (1) From Definition 4.1, we can derive the processes about the upper approximation of le in Rq-VC-DRSA as follows.
Ra(Cl7)=U — Ra, (U — CI7) =U — R (CIZ ;)
- <
|DRA ) NCl 4| -
Dy, )|
DR, (0N (U = CI7)| .

4
=U—-{xeCl>;: D= ) >
Ra

D, (x) NCI7|
=U—fxecls, . B2 T

=U—{xeCli1:

Dy, @
D7 (x) N CI7|
=7 ufxecl A T S q_q)
Dy, @]

(2) The processes about the upper approximation of C lf in RqQ-VC-DRSA are derived as

Raa(ClY) =U = Ra (U= CIF) =U = Ra,, (CI7; )

=
. |D;A(x) NCl7

|
>

=U-—{xeCl” . —a— "t 5
HDE |

IDE, (x) N (U = CI)|

=U-—{xeCl7,: Ra - >
D}, @

D} (x) N CL|
—U—fxedl,: —4 L <1_q

D}, @

D} (x) N CIY
=C1fu{xeC1¢ . —Ra ! —a).

Y >
“1DE ()

Then the proof process of the above theorem is completed. O

Theorem 4.2. If o« = 1, then the Rq-VC-DRSA is degenerated into DRSA. In other words, Rq-VC-DRSA is a directional expansion of the
DRSA.

Proof. It is easy to verify the correctness of this theorem from Definition 4.1. O

All the objects belonging to Cl? and le with some ambiguity at relative quantitative consistency level « € (0, 1] con-
stitute the boundary regions of le and le.
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For x € U, we can define the positive region, negative region and boundary region of C l? as

IDE, (0 N CI7 | N
ID¥, @I

)

Poso (CI7) = Ra , (CI7) = {x € CIT

_ D% (x)NCIS |
Negy(CIT) =U — Rag(CI7) = {xeClS .~ 1 > o)
Dg, @

BN (CI7) = Raa(CI7) — Ra,,(CIT).

The corresponding three-way decision rules for the upward union le can be obtained:

IDE ()NCI7 |
P) If s TRy T
(P) If xe Cl{ and IDF, 1

Dy, ®ncls,|
Dy, @I
(B) Otherwise, decide Bna(Cl?).

> o, decide Posa(Cl?);

(N) If xe U —CI7 and > «, decide Negq (CI):;

For x € U, the positive region, negative region and boundary region of le are defined as

D, (x)NCI¥
[Dg, (%) t|>

Pos (Clﬁ):RA (Clﬁ):{XGCl-ﬁ LR TS o
T e C T IDg,
= IDF (x)NCI7,]
Negq (CIS) = U — Raq (CIF) = {xe CIF, - R 1 5 g,
IDE, 0|

B (CI7) = Raa (CIT) — Ra, (CI7).

We can obtain the corresponding three-way decision rules for the downward union C lf :

1D, (ONCLT |
P) If < —A
(P) If xe Cl and 1D, 1

D}, (ONCL7 4| .
—Ra U > @, decide Negy (CIS);
D}, @l

(B) Otherwise, decide Bnm(le).

> o, decide Posa(le);

(N) lfer—le and

Theorem 4.3.Vt € T — {1} and VA C AT, Bng (CI) = Bng (CIS ).

Proof. From the definition of the boundary region in Rq-VC-DRSA, we obtain that

Bng (CI7) = Raq(CI7) — Ra,, (CI7)
=Raq(U — CI7 1) — Ra, (U~ CIT )
=U = Ra, (CIF 1) — (U = Raa(CL3 1)
= Bng (CI ).

Then the proof is completed. O

Theorem 4.4. Let (U, AT Ud, V, f) be an ordered information system, A C AT, t <s € {1, 2, ---,n}, the lower and upper approxi-
mations in Rq-VC-DRSA satisfy the following properties.

(1) Ra, (CIT) =Raq(CIT) =U; Ra, (Cly") = Rag (Cl5) = U.

(2) Ra, (CI7. 1) = Rag(CI7, ) = ; R (CIg) = Raa (Clg) = 0.

(3) Ra, (CI7) S CI S Rag(CI7); Ra, (CIF) S CIF € Raa (CIY).

(4) Ra, (CI7) 2 R, (CIT), Raa(CIT) 2 Raa (CIT); Ra, (CIF) € Ra, (CI5), Raa (CIT) € Rag (CI).

Proof. (1) As CI] = CIy = U, it is easy to obtain Ry (CI7) = Raa(CI{) = U and R, (Cly') = Raq (Cly) = U.
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(2) As CI7,, = CIg =@, 50 Ra, (CI7, 1) = Ra(Cl,) =0 Ra, (CI5) = Raq(Clg) = 0.
Dl NCIT |

(3) For CI7, from the Definition 4.1 and Theorem 4.1, we know that %(C!?) ={xe le : | 5% o] > o} and
Ra

_ ID% . ()NCI7 | o _
Raa(CIT)=CIT UixeClS - W >1—al, it is easy to see that Vx € Ra, (CI7), x € CIT; ¥x € CIT, X € Raa (CID).

The similar analysis for le.

Dy, ®NCI7 |

| .
(4) vx eﬂa(clf), Xxe CI? and >o. Ast<s, Cl? ) CI?, which means for x € Cl?, we have x € le and

D, I =
+ o - I$|
IDF , oNCl;”| - - N . < < Dy, onCl;
W >, then x e Ra_(CI7). So Ra_(Cl7) D Ra, (CI) is obtained. Vx € R4 (ClY), x € CI; and W > o

- <
D, CONCLS |

Ast<s, le - le, which means, for x € le, we have x € le and D= o]
Ra

>, then x € R (CIS). So Ra, (CIT) €

Ra, (CI).
From the Definition 4.1, Raq(CI7") = U — Ra,,(CI7 ;) and Raa(CIY) = U — Ra , (CIS
cess, Ra,, (CI 1) € Ra, (CIS }), then Raq(CI7) 2 Raq(CIY). Raa(CIY) =U — Ra (CI7 ;) and Raq(CI5) =U — Ra,(CI7 ).

Ra, (CI7 ) 2 Ra, (CI7;), then Raq (CITY) € Rag (CI).
Then the proof process of this theorem is completed. O

1)- According to the above proof pro-

Introducing the same relative quantitative consistency level to each union in an ordered information system ignores the
differences in size of unions to some extent. And the introduction of different relative quantitative consistency thresholds
for each union (a? for Cl?, and otf for le instead of one « for all unions) may solve the problem with different size of
unions. However, for t <se{1,2,---,n}, a? #* af, ai1 #* ail, ozf #* af and aEH #* asil generally hold with different
relative quantitative consistency thresholds for each union. Then it is hard to compare the inclusion relationship between
Ra, (CI7) and Ra (CIT), Ra,, (CIY) and Ry, (CIS), Rag(CI7) and Ray (CIY), Rag(CI7) and Raq (CIS), which can be shown
in item (4) of Theorem 4.4. The same issue for the Aq-VC-DRSA and Dq-VC-RDSA to be studied in the Subsection 4.2 and
Section 5.

After discussing Rq-VC-DRSA, we will investigate the Ag-VC-DRSA in the following subsection. Different from Rq-VC-
DRSA, the Ag-VC-DRSA uses absolute quantitative consistency level to define the corresponding rough approximations.

4.2. Aq-VC-DRSA

Given an absolute quantitative consistency level 0 < k < |U|, the absolute quantitative variable consistency dominance-
based rough lower approximation of upward union Cl? with respect to attribute set A is defined as a set of objects x € Cl?
whose external absolute quantitative consistency level are not more than k. Let us focus on the following Definition 4.2.

Definition 4.2. Let (U, AT Ud, V, f) be an ordered information system, A C AT, t=1,2,---,n. Suppose k is a non-negative
integer called “grade”. The absolute quantitative variable consistency dominance-based rough lower and upper approxima-
tions of the upward union le are

Ra (CI7) = {xeClT : D, ] — [DF, @) NCIT| <k);

Rak(CI7) =U — Ra, (U = CI).
Similarly, the absolute quantitative variable consistency dominance-based rough lower and upper approximations of the
downward union le are

Ra (CIF) = {x € CIF 1 Dy, @) — [Dg, @) N CIT | <k);

Rar(CIS)=U — Ra, (U — CIY).

Theorem 4.5. The upper approximations of upward union C lf and downward union C lf in Aq-VC-DRSA have the following expres-
sions.

(1) Rax(CI7) = CIF U{x € CIZ | :|Dg, (0 N CIT| > k};

(2) Rax(CIY) = CIF U{x € CI7, 1 IDF, (0 N CIT| > k).
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Proof. (1) From Definition 4.2, we can derive the processes about the upper approximation of le in Aq-VC-DRSA as follows.
Rak(CI7)=U — Ra, (U= CI7) =U — Ra, (CI )
=U—{xe (I3, :|Dy, (®)| - Dy, () N CIZ ;| <k}
=U—{xeCl,:|Dy,(x) — Dy, ®) NCIZ | <k}
=U—{xeCl Dy, ®)NCIT| <k)
=CI7 U{xe CIY Dy, (0 NCIT| > k}

(2) The processes about the upper approximation of le in Aq-VC-DRSA are derived as

Rak(CIY) = U = Ra, (U = CIF) = U — Ra (CI7)

=U —{xeClj;,:ID}, (%]~ Df, () NCI7, | <k}
=U—{xeCli,;:IDf (x) = Df ®)NCl7 | <k}
=U—{xeCli;:IDf ) NCIT| <k

=CIF U{xeCl7 :IDE, (0 NCIT | > k)

Then the proof process of the above theorem is completed. O

Theorem 4.6. If k = 0, then the Aq-VC-DRSA is degenerated into DRSA. In other words, Aq-VC-DRSA is a directional expansion of the
DRSA.

Proof. It is easy to verify the correctness of this theorem from Definition 4.2. O

All the objects belonging to le and le with some ambiguity at absolute quantitative consistency level k € (0, |U|]
constitute the boundary regions of Cl? and le .
For x € U, we can define the positive region, negative region and boundary region of C lf as
a e
Pos(CI7) = R, (CIT)
={xe (Il :|D§ ()| — D§, x) NCIT| <k
a o =
Negi(CI7) = U — Rar(ClY)
A - - <
={xeCl;: |DRA(X)| - |DRA ) NCIY | <k}
= R (CIF =
Bni(Cl{) = Rak(Cly) — R (CID).

The corresponding three-way decision rules for the upward union C l? can be obtained:

(P) If xe CI7 and [D§, ()| — D, (0 N CIT | <k, decide Posi(CL7);
(N) If xe U — CI7 and [Dg, (x)| — [Dg, (0 NCIZ | <k, decide Negi(CIY):;
(B) Otherwise, decide Bnk(Cl?).

For x € U, the positive region, negative region and boundary region of le are defined as
Pos(CIY) = R, (CIT)
= {x e CI7 1Dk, ®)| — Dy, () NCIT| <k}
Negi(CIT) = U = Ra(Cl)
={xe (I}, ID}, (®)| = D, (%) N CI7 4| <kk:
By (CIY) = Rap(CIY) — R (CIT).

We can obtain the corresponding three-way decision rules for the downward union le:
(P) If xe CI7 and D, ()| — Dy, () N CIT | <k, decide Posi(CLY);

(N) If xe U — CI and |Df, (x)| — D}, (0) N CI7, ;| <k, decide Neg(CI);
(B) Otherwise, decide Bnk(le).
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Theorem 4.7.Vt € T — {1} and YA C AT, B (CI7) = Bng (CIY ;).

Proof. From the definition of the boundary region in Aq-VC-DRSA, we can obtain that

Bni(CIY) = Raw(Cly) = Ry (CI))
=Rar(U = CIT ) = Ra, (U = CIT )
=U — Ra (€15 ) = (U = Rar(CIS )
= Rar(CIZ 1) = Ra, (CIT )
= By (CI ).

Then the proof is completed. O

Theorem 4.8. Let (U, AT Ud, V, f) be an ordered information system, A C AT,t =1, 2, --- , n, the lower and upper approximations
in Aq-VC-DRSA satisfy

(1) Ra (CIT) = Rar(CIT) = U; Ry, (CIy) = Rar(Cly) = U.
(2) Ra(Cly) = Rar(Cli ) = B Ra, (Clg) = Rak(Clg) = .
(3) Rap(CI7) S CIF S Rar(CL7); Ray (CIF) S CIF < Rar(ClY).

(4) Ra (CI7) 2 Ra (CIT), Rar(CLT) 2 Rar(CIT); Ray (CIF) € R (CI5), Rar(ClY) € Rar(CIS).

Proof. (1) As CI] = Cly = U, it is easy to obtain Ra, (CI{) = Rar(CI{) = U and Ra,(Cly) = Rax(Cly) = U.

(2) As CI7,, = CI5 =@, 50 Ra, (CI7, 1) = Rar(CI7, ) = ¥; Ra, (CIg) = Rar(CIg) = 0.

(3) For le, from the Definition 4.2 and Theorem 4.5, we know that R_Ak(Cl?) ={xe Cl? : \D;A )| — |D;A )N lel <k}
and Ek(le) = le U{xe le_1 tIDg, 0N Cl?l > k}, it is easy to see that Vx eR_Ak(Cl?), xeCl7; ¥xe Cl?, Xe Hk(cl?).
The similar analysis for le.

(4) Vx € R_Ak(le), x e Cl7 and |D'I§A x)| — |D;A(x) NCIT| <k. As t <s, CI” D CI7, which means for x € CI7, we have
x€Cl7 and [Df (x)| — D, (x) NCI7| <k, then x € R, (CI7). So Ra, (CI7) 2 Ra, (CIT) is obtained. Vx € Ra, (CI7), x € CIT
and |DEA(x)| — |DEA(x) N lel <k.Ast<s, le - Cl?, which means for x € le, we have x € Cl? and |DRTA(x)| — |DEA(X) N
CIS| <k, then x € R (CI5). So Ra, (CIT) € Ra, (CIS).

From the Definition 4.2, Rac(Cl7) = U — R_Ak(Cli]) and Rap(CIT) =U — R_Ak(Clil). According to the above proof
process, R, (CI< 1) € R, (CIS ), then Ra(CI7) 2 Rar(CIY). Raw(ClY) = U — Ra, (CI7 ;) and Ra(CIS) = U — Ra, (CI7 ).

R (CI7) 2 Ray (CI ), then Ry (CIY) S Rar(CIS).
Then the proof process of this theorem is completed. O

The Rq-VC-DRSA utilizes relative quantitative consistency measure to calculate the approximations, there is no infor-
mation regarding the absolute quantitative consistency level in Rq-VC-DRSA; The Aq-VC-DRSA utilizes absolute quantitative
consistency measure to obtain the approximations, there is no information regarding the relative quantitative consistency
level in Aq-VC-DRSA. Relative and absolute quantitative information are two kinds of quantification methodology in cer-
tain applications. Let us take the dominating set DRTA (x) and the upward union Cl? for example. For two dominating
DY, x)NCI7 | _Ipg, (*x2)NCIT |

Dz, 0l Dy, (2l
ever, |D;A (x1)| |D;§A (x2)| or |DEA (x1) N CIT | # |D;A (x2) N CI7|, and x; and x, can be discerned by introducing the
absolute quantitative information |D;§A (x)| or |D;A )N le |. The double quantification formed by adding the absolute
quantitative information can improve the descriptive abilities of Rq-VC-DRSA and expand the range of applicability. The
same analysis for adding relative quantitative information to Aq-VC-DRSA. For two dominating sets |D;A x1)| # |D;A x2)|,

if |D;A x| — |D§A (x1)NCIT| = |D;A x2)| — |D;A (x2) N CI7|, then x; and x, are indiscernible or equal in Aq-VC-DRSA.

o
sets | Dy, (x1)| # [ Dy, (x2)], if

, then x; and x; are indiscernible or equal in Rq-VC-DRSA. How-

. . o . . IDF xonClT| |, IDE eoonclTl
However, their relative quantitative information may satisfy A A_ , in this case, x; and x; can be
DR, x1)l DR, (x2)
. . . . o . IDF, 0NCl | o ,
discerned by introducing the relative quantitative information %. Thus, it is necessary to implement the double
Ra

quantification using the relative and absolute quantitative consistency levels simultaneously in the DRSA.
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5. Double-quantitative variable consistency dominance-based rough set approaches

In the previous section, we present the single-quantitative dominance-based rough approximations based on two dif-
ferent types of quantitative consistency thresholds. In what follows, we investigate two kinds of Dq-VC-DRSA (double-
quantitative variable consistency dominance-based rough set approach) models. These two models have their own specific
application background, and we should decide which model to use according to the actual application requirements. Let us
start with the first kind of Dg-VC-DRSA, denoted as DqI-VC-DRSA.

5.1. Dql-VC-DRSA

If the lower approximation must contain two kinds of quantitative consistency levels, then the DqI-VC-DRSA in the
following Definition 5.1 can be applied.

Definition 5.1. Let (U, AT Ud, V, f) be an ordered information system, A C AT, t=1,2,---,n. The Dql-VC-DRSA can be
defined as follows.

e The first kind of double-quantitative variable consistency dominance-based rough approximations of the upward union
Cl? are defined as

=
ID}, (x)NCI |
Ral . (CI7)=(xecCly : —A— T >
Rt o) = e )

AIDE, @] = IDE, (0 N CIT | < kk;
I
Raajo (CI7) =U = Rafy, (U = CI7).

e The first kind of double-quantitative variable consistency dominance-based rough approximations of the downward
union le are

Dy (x)NCIS
e, 0L
Dy, ()]
A Dk, (0] = 1Dk, (0 N CIT| < k)

< <.
Rt (CIY) =lx e CI7

RA(a,k)(Clt )=U~— &itx,k)(u —Clp).

Theorem 5.1. The upper approximations of upward union C l? and downward union C lf in Dql-VC-DRSA have the following expres-
sions.

- =
_IDg, (oNCt |

(1) Raqi(Cl7) =CI7 Uxe IS, >1—aV[Dg, () NC|>k);

Dy, @)
— < < = IDE, oncls " <
(2) RA(Ol,k)(Clt )=Clt U{XGCIH_].W>1—QV|DRA(X)mClt |>k}

Proof. (1) From Definition 5.1, we can derive the processes about the upper approximation of Cl? in DqI-VC-DRSA as
follows.

=1
Rai(C7) =U = Rafy o (U = CI7) =U = Raf, , (CI7 )

. D, () NCIZ,|

—U—{xeClS,: >a A Dy, (®)| — D, () N CIZ | <k}

Dy, @
D, (x) N CI7|
_ S L ITRa ¢ - - <
_U—{XEClFl . W 51—a/\|DRA(X)—DRA(X)ﬂClt71| fk}
D, () N CIT | _ _
=U—{xeC1i1:Wfl—a}ﬂ{xeﬂil:|DRA(x)—DRA(x)ﬂCli1|§k}
A

D, ) NCI7 |

=(U—{xeCl3,: BRRE <1—ap)UU - {xeClS Dy, (0 NCIT| <k}
Ra
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D, (®) NCI7| .
:(Cl?u{xeaf_]:ﬁ >1—a})U(CI7 UfxeClY Dy, () NCIT| >k}
Ra
D (x)NCI7
—C7 UfxeCl,: ”ﬂifl >1—aV|Dg,®)NCIT| >k}
Dy, @ .

(2) The processes about the upper approximation of le in DqI-VC-DRSA are derived as

=1 < < =
Ra i€l =U — R_Afa,k)(u -0 =U - R_Aza,k)(Clt+1)

D, () NI

=U—{xeCl7,: L > A DY, @] — D}, 0 NCIT | <k)
IDE, (]
D, () N (U = CIS)|
=U—{xeCl + —4" “— >a AID§, (0 — D§, (0 NCI | <k}
IDE, (]
IDE (x) N IS
=U—(xeCl;;: —A——1 <1-a)n{xeCly,: D}, X NCIT| <k
IDg, (|
D} (x) N CI7|
:(U—{xeClil:%sl—a})uw—{xecli]:|D:{A(X)OCIE‘<|51<})
R4 X

D} (x) N CLY|
=S ufxeclr Rt

D E >1—a) Ul UfxeCl7,  IDE (0 NCIS| > k)
Ra

t+1

IDE (x) N CIY|
=ClSufxecl R

: s1—av|DE ®NCE| >k
t+1 |D_R:’_A(x)| | RA( ) t | }

Then the proof process of the above theorem is completed. O

From Definition 5.1 and Theorem 5.1, it is easy to see that R_Aia’k)(le) cclr c Hia,k) (CI7) and R_Aéa’k)(le) cclf ¢
—
R o1 (CIY).

Proposition 5.1. Let (U, AT Ud, V, f) be an ordered information system, A C AT, t =1, 2, --- ,n, the following properties hold.

(1) Raly 1 (CI7) = Ray, (CI7) N Ray (CID),
(2) Rageso (CI7) = Rag (CI7) URAK(CIT);
(3) Raly o (CIF) = Rag, (CIF) N Ra, (CID),
(4) Rt (CL) = Raa (CIF) URA(CID).

Proof. It can be proved directly from Theorem 5.1. O

All the objects belonging to le and le with some ambiguity at double-quantitative consistency level o € (0, 1] and
k € (0, |U|] constitute the boundary regions of le and le.

For x € U, we can define the positive region, negative region and boundary region of Cl? as
I = 1 =
Pos(ayk)(Clt )=R_A(a’k)(Clt )
=
IDz, @) NCI | .
— A >aA|D} (0| —|DE (%) NCIT | <k);
DT ol IDE (0] — D}, 71 <k}
= =1 =
Neg(y 1y (Cl{) =U = Rag 1 (CI7)

={xeC1f:

IDg, ®) NCIS | B B
={xeCl¥,: W >a A Dy, (%) — [Dg, ®) NCIS (| <k
A

I =y _p ! = I =
Bit{g 1 () = R i (CI) = Rag 1 (CID).
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The corresponding three-way decision rules for the upward union le can be obtained:

1D} (ONCIT| .
(P) If xe CI7 and W >a A IDE, (0] = IDE, (0 N CIT| <k, decide Posl,  (CI7);
A

Dy, (ONCIZ |
Dy, o
(B) Otherwise, decide Bnéa,k) (CI7).

(N) If xe U —CI7 and >a A Dy, (0] = Dk, (0 N CIS | <k, decide Negl,  (CI7):;

For x € U, the positive region, negative region and boundary region of le are defined as
I < I <
Pos(a’k)(Clt )=R_A(a,k)(Clt )

D5 (x) N CIY|
=xeqS . —fa T
Dy, @

—
Negly (CIF) =U = Ragg (€l

=& A|Dg, (0] = 1Dy, ) N CIT | <k):

7

+
- DR, ) NCl7 4 . + -
(+1- TDJF—(X” > 0N |DRA(X)| - |DRA(X)OC1H_1| <k}
Ra

={xeCl
I <\ _p ! < I <
Bn(a,k) )= RA(oz,k)(Clt ) — ﬂ(a,k) (Cl).
We can obtain the corresponding three-way decision rules for the downward union le :
< Dy, ®NCLS|
(P) If xe Cl and T
IDE (0NCI7 |
W >a A |DRTA(x)| - |D,J{A(x) ncl
A
(B) Otherwise, decide Bn{a,k) (CIS).

> a A D, (0] — Dk, (0 N CIT| <k, decide Posl,  (CI7);

=

(N) If xe U —CIY and (1| <k, decide Neg{a,k)(le):

Theorem 5.2.Vt € T — {1} and VA C AT, Bnl,  (CIT) = Bnl,, , (CIZ ).

Proof. From the definition of the boundary region in Dql-VC-DRSA, we can obtain that
By o (CI7) = Raa (CI7) — Ragy o (CI7)
= R_Aia,k)(u —CIy) — R_Afa,k)(u —CIEy)
=U- R_Aza,k)(ail) -U- Héa,k)(Clil))
= R (CI 1) = Rafy ) (€I )
= Bnj, , (CIZ ).

Then the proof is completed. O

In DqI-VC-DRSA, the conjunction operator is applied to reflect both the relative quantitative consistency level and abso-
lute quantitative consistency level in the lower approximation. Each element, in the lower approximation, exhibits relative
quantification and absolute quantification at the same time with the conjunction operator. However, if the lower approxima-
tion contains at least one kind of quantitative consistency level, then the disjunction operator is applied to reflect relative
quantitative consistency level or absolute quantitative consistency level. The second kind of Dg-VC-DRSA (denoted as Dqll-
VC-DRSA) could be studied in the following subsection.

5.2. DqlI-VC-DRSA

If the lower approximation contains at least one kind of quantitative consistency level, then the Dqll-VC-DRSA in the
following Definition 5.2 can be applied.

Definition 5.2. Let (U, ATUd, V, f) be an ordered information system, A C AT, t=1,2,---,n. DqlI-VC-DRSA can be defined
as follows.
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e The second kind of double-quantitative variable consistency dominance-based rough approximations of the upward
union Cl? are

-, Ik, el
Rafl o (CI7) ={x e C; W

VD, (0] — IDF, (%) NCIT| <k};
RA(a k)(Cl )=U — RA(a k)(U—Cl{).
e The second kind of double-quantitative variable consistency dominance-based rough approximations of the downward
union le are
- <
Dy, (x) NCLY|
Rafl, () =(xe CIF : —A——— >
Dy, ()]
- - <
V Dy, @] — D, 0 N CIT [ <k);

Rag 1 (CIY) =U — Rafl (U —CIY).

Theorem 5.3. The upper approximations of upward union C lf and downward union C lf in DqlI-VC-DRSA have the following expres-

sions.
_ D5 ()NCL7 |
(1) Raqpo(CI7) = CI7 UxeCIT - % >1—a A Dy, () NCI| > k);
A
2) Rabh o (CI5) = CIF cir . PNl DY ()N CIS| >k
(2) A(ak)( )= UfxeCl : W> —a A D, )NCIT| > }.
A

Proof. (1) From Definition 5.2, the processes about the upper approximation of Cl? in DqlII-VC-DRSA are

RA(ak)(Cl )=U— RA( ,)(U Cl )=U— RA( k)(Cl )

o IDg, onCISy - ~ <
—U—{xeCl3,: W >a Vv [Dg, @] — Dy, ®) NCIS 4| <k)
Ra
o IDg, N -
=U-{xe Clt1 W 1—av|DRA(x) RA(x)ﬁCl Y=<k}
Ra
D7 (x) N CIT|
—U—{xeClY,: "]/;)40{)' —a}U{xe (I3 :|Dp, () NCIT| <k
Ra
D (x)NCI”
:(u—{xeaf_l-%gl—a}m(u-{xeai]:|D};A(x)mc1?|5k})
Ra
D7 (x)NCI7| -
:(leu{xele_]'ﬁ —a) N (CIF UfxeClY | :|Dy () NCIT| > k})
Ra
Dy (x)NCI7|
=caf ufxecaS L S _wAIDy 0 NCIT| >k}
DR, @) ’

(2) The processes about the upper approximation of le in DqlI-VC-DRSA are derived as

Rt (C)=U = Rall (U= CIF)=U = Ral!  (CIF, )

U ed |D;A(xmc1t+1|

_— Ol\/D X D ch’ <k
G DT G D}, @] — IDE, () NCIT, | <k)
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D}, (0N (U — Cl)|

=U-— {xeClt_H T @) av|D;A(x)—D;gA(x)mc1il|gk}
Ra
D} (%) NCIT| <
—(xe CItJrl-lf;)‘Jgi(X)| 1—a}U{xeC1t+1 ID, (0 NCIT | <k}
A
IDE ()N CIT |
=U—{xe ctt+1 ng—a})m(u {xeClm |D;A(x)mcp|</<})
Ra
<y . DR, Cl < U - <
= (C; {xeCltH W —a})N(C; {xeCltH D}, ) NCIT| > k})
D} (x)mcm
=ClIFUxeCl,: W >1—an[Df, (0 NCIT| >k}

Then the proof process of the above theorem is completed. O

From the Definition 5.2 and Theorem 5.3, it is easy to see that RA( k)(Cl ) C Cl” c RA(a k)(Cl ) and RA( k)(Clﬁ) -
Clt‘ C RA(a,k)(Cl[‘).

Proposition 5.2. Let (U, AT Ud, V, f) be an ordered information system, A C AT,t =1, 2, --- , n, the following properties hold.
(1) RA(a o (Cl7) = Ra (CI7) U R4 (CIY),
(2) Raio(Cl7) = Rag (CI7) NRa(CI7);
(3) Rafl 1 (CIF) = Ra, (CIF) U R (CI),
(4) Ragio (ClF) = Rag (CI) N Rar(CI).

Proof. It can be proved directly from Theorem 5.3. O

All the objects belonging to Cl? and le with some ambiguity at double-quantitative consistency level o € (0, 1] and
k € (0, |U|] constitute the boundary regions of le and Clﬁ.

For x € U, we can define the positive region, negative region and boundary region of C l? as

POs(g o (CI7) = Rafl, , (CI7)
:{xeaf-w aVIDg (0] - |D§A(x)mCl?|§k};
Negll 1o (CI7) = U — Rag 1 (CI7)
Dz, ) NCIT |
Dy, @
Bnll 1 (CI7) = Rt i (CI7) = Ral,  (CID).

={xeCly,: >a V|Dg, (®)| - D, () NCIZ | <kh

The corresponding three-way decision rules for the upward union C lf can be obtained:
= D, wnCl” | + + oy
(P) If xe Cl{ and W >a V|Dg, ()| —|Dg, (%) ﬂCl | <k, decide Pos(a k)(Clt );

w >aVv|D, (x)|—|D, (x) ﬂCI 11 <k, decide Neg!l (Clk)'
Dz, @1 = Ra Ra (9 R S

(B) Otherwise, decide Bn(a 0 (Cl?).

(N) lfer—le and
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Table 5.1

An ordered information system.
U a; az d
X1 3 3 3
X2 2 2 3
X3 1 3 3
X4 3 1 2
X5 4 4 1

For x € U, the positive region, negative region and boundary region of le are defined as

Postl, 1, (CIT) = (CI)

(Ol k)
D, () NCIT|
Dg, (¥

—I1I
Negll 1) (CIF) = U — Rag 1 (CI7)
|D;A(x)mc1t+l|
— VIDJr )] — IDJr (x)NCI7, | <k};
D%, X i

Bnll, 1, (CIF) = Raai () — Rall k)(cr)

:{xele:

> a v |Dg, (0] = Dy, ) N CIT| <k);

={xe CltfH

We can obtain the corresponding three-way decision rules for the downward union C lf :

D% (ONCL | <
A >V |DEA )| — |DRA (x) ﬂCl‘l <k, decide Pos!! (€L,

[Dg (X)\ -

(x)mc1r+1| n
W >V |DRA(x)\ — |D (x) nclz

(B) Otherwise, decide Bn(a k)(le).

(P) lfxeCl‘ and (@.k)

(N) If xe U — CIS and | <k, decide Neg!l, , (CIY);

t+1

Theorem 5.4.Vt € T — {1} and VA C AT, Bnll, , (CI7) = Bnll, | (CIY ).

Proof. From the definition of the boundary region in DqllI-VC-DRSA, we can obtain that
il 1y (CI7) = Ratg 1y (CIY) — Rall o (CI7)
- RA(a U —CIE ) — Rafl (U — s )
=U—Rall. k)(af_]) — (U~ Ragp €I ))
=RA((X k)(Cl )= (a k)(Cl )

= Bngg, k)(Cl Z1)-
Then the proof is completed. O

In the reference [1], authors addressed basic significant monotonicity properties related to DRSA, which are (m1) mono-
tonicity with respect to the set of attributes; (m2) monotonicity with respect to the set of objects; (m3) monotonicity with
respect to the union of ordered classes; (m4) monotonicity with respect to the dominance classes.

It has been shown that these properties exhibit important influence on the rule induction for variable consistency rough
set approaches [2]. For this reason, it is necessary to verify whether the monotonicity properties mentioned are applicable
to single-quantitative and double-quantitative variable consistency dominance-based rough approximations in this paper.

In the Sq-VC-DRSA models, both relative and absolute quantitative consistency levels of le (or le) have properties
(m2) and (m3), which can be proved from the item (4) of Theorem 4.4 and Theorem 4.8, respectively. Unfortunately, they
have neither property (m1) or (m4). We explain it by the ordered information system (see Table 5.1) considered in the

. . . Aj . o .
literature [1]. For the sake of simple expression, we use rC[; (x;) to denote the relative quantitative consistency measure
t
A; o .
|D;{A‘ (x,-)ﬂle |/|DRTA. (xi)|, and use acl’k (x;) to denote the absolute quantitative consistency measure |DRTA‘ )| — |D (xl) N
J J J

C1f|. Let us consider Cl? = {x1, X2, X3}, the attribute sets A1 ={ay}, Ay = {ax} A3 ={a1,ay}, it is easy to see that Al,Az C
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As. For the Rq-VC-DRSA, we calculate that r?fk (x2) = 3/4, while r?[; (x2) = 2/3. Since r?fb (x2) > r?l; (x2), the relative
3 3 3 3

quantitative consistency measure does not satisfy the property (m1). In addition, from x; € D}A (x2) and r?f> x)=1/2<
3 3
r?l; (x2) = 2/3, we obtain that the relative quantitative consistency measure does not satisfy the property (m4). For the
3
Aq-VC-DRSA, a?ll> (x1) = 2, while a?l; (x1) = 1, the absolute quantitative consistency measure does not satisfy the property
3 3

(m1). In addition, x5 € DRTA (x1) and a?i> (x5)=0< az_‘f> (x1) =2, so the absolute quantitative consistency measure does not
3 3 3

satisfy the property (m4).

As to the Dq-VC-DRSA models, according to Proposition 5.1 and Proposition 5.2 about the relationship between double-
quantitative and single-quantitative consistency rough approximations, it can be verified that the double-quantitative
consistency measures used in the models have the properties (m2) and (m3), but do not hold the properties (m1) and
(m4).

6. Comparison and analysis

There are many partial ordered decision-making problems about evaluation in real life. In the reference [13], authors used
an example about customer satisfaction with airline services to explain the VC-DRSA. Inspired by reference [13], here we
assume that an airline has also conducted a questionnaire on the service quality for its customers in order to evaluate the
company’s services and then update the equipment. According to Dq-VC-DRSA models, we can make more comprehensive
evaluations in the actual decision-making processes.

Table 6.1 is an ordered information system about the questionnaire diffused by the assumed airline. The table contains 20
objects (customers’ feedbacks) described by U = {x1, X2, --- , X20} of criteria corresponding to the considered three aspects
of the aircraft comfort: space for seat width (SW), hand luggage (HL), and leg room (LR). There is also an item about an
overall evaluation d. One uses 1, 2, 3 to denote the customer’s satisfaction values of the three aspects SW, HL, LR and the
overall evaluation d, where the numbers 1, 2, 3 are respectively for Bad, Medium, Good.

The overall evaluation d creates three decision classes, which are preference ordered according to increasing class num-
ber, i.e. Cl; =Bad, Cl; = Medium, Cl3 = Good. The decision classes are shown as follows.

Cli = {x2, x4, X6, X10, X11, X17. X18, X19};
Cly = {X1, X3, X5, X7, X12, X13, X14, X15};
Cl3 = {xs, X9, X16, X20}-

As the above decision classes are ordered, the following downward and upward unions of decision classes are to be
considered.

(1) At most bad: CI5* = {x, Xa, X6, X10, X11, X17, X18, X19}.

(2) At most medium: CL5 = {X1, X2, X3, X4, X5, X6, X7, X10, X11, X12, X13, X14, X15, X17, X18, X19}

. =

(3) At least medium: CI5 = {x1, X3, Xs, X7, X8, X9, X12, X13, X14, X15, X16, X20}.

(4) At least good: cl7 = {xg, X9, X16, X20}-

From the data described in Table 6.1, we obtain all inconsistencies in the downward union and upward union of decision
classes. The inconsistency situation for the data described in Table 6.1 can be shown in Table 6.2. There are many possible
reasons for customers about these inconsistencies in the evaluation of airline comfort, such as

(1) Different customers have different heights, weights and other physical indicators, which leads to different feelings about
the space on the aircraft;
(2) Different customers have different boundaries between good and bad;

Table 6.1

Statistical results.
0] SW HL LR d 0] SW HL LR d
X1 1 3 2 2 X1 3 2 2 1
X2 3 3 1 1 X12 1 2 3 2
X3 1 3 2 2 X13 3 2 2 2
Xa 3 1 3 1 X14 2 3 1 2
X5 2 3 1 2 X15 3 2 1 2
X6 3 3 1 1 X16 1 2 2 3
X7 1 3 3 2 X17 3 3 1 1
Xg 1 3 3 3 X18 3 1 2 1
X9 3 2 1 3 X19 2 2 3 1
X10 2 2 2 1 X20 3 2 1 3




Table 6.2
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Inconsistency description.

DL (x) Inconsistency situation DEA (x) Inconsistency situation
‘#
x1€Ch X1,3,7,8 X1,3,16 x16 € Cl3
1 ke
X2 €Chy X2,6,17 X2,5,6,9,14,15,17,20 X5.9,14,15,20 € Cl;
-
x3€Ch X1,3,7.8 X13,16 x16 € Cly
x4 €Ch X4 X4,18
=<
x5 € Clp X2,5,6,14,17 X2,617 € CI X5.14
1 ke
X6 € Cly X2,6,17 X2,5,6,9,14,15,17,20 X5.9,14,15,20 € Cl;
.
x7 €Cly X7.8 X1,3,7,8,12,16 xs.16 € Cl3
xg € Cl3 X7.8 X1.3,7.8.12.16
—j<
X9 €Cl3 X2,6,9,11,13,15,17,20 X2,6,11,15.17 € Cl, X9,15,20
=
x10 € Chy X10,11,13,19 X10,16 x16 € Cl3
=
x11 € Ch X11,13 X9,10,11,13,15,16,18,20 X9.13,15,16,20 € Cly
< =
x12 € Ch X7,8,12,19 x19 € CIY X12,16 x16 € Cl3
=
x13 € Cly X11,13 X9,10,11,13,15,16,18,20 X9.16.20 € Cl3
x14 € Cly X2,5,6,14,17 X5,14
x15 € Cl X2,6,9,11,13,15,17,20 X9,15,20
l <
X16 € Cl3 X1,3,7.8,10,11,12,13,16,19 X1,3,7.10,11,12,13,19 € Cl, X16
-
x17 € Chy X2.6.17 X2,5,6,9.14,15.17.20 X5.914,15.20 € Cly
x18 € Chy X4,11,13,18 X18
-
x19 € Cly X19 X10,12,16,19 X12,16 € Cly
x20 € Cl3 X2,6,9,11,13,15,17,20 X9,15,20

(3) Different customers have different expectations for the airline;
(4) Errors in the recording of data, and others.

Let us take the object x1; € Cl; for example: (1) D;{A (x12) = {x7, X8, X12, X19}, which means x1 is dominated by x7, xs,
Xx12 and xqg. It is easy to see that x9 € Clﬁ, while x1, is assigned to the decision class Cl, better than le. (2) DR?A (x12) =
{x12, x16}, which means x12 dominates x1> and x1¢. It is easy to see that x16 € CI*, while x1; is assigned to the decision class

Cl, worse than Cl3> . This means that x12 gave an evaluation for all the considered aspects not worse than the evaluation
given by x16, while x12 gave an overall evaluation of the aircraft comfort worse than the overall evaluation of x16; X12 gave
an evaluation for all the considered aspects worse than the evaluation given by x19, while gave an overall evaluation of the
aircraft comfort not worse than the overall evaluation of x1g.

Next we will analyze which customers’ overall evaluation is consistent with their scores on the three considered in-
dicators, which customers’ overall evaluation is totally inconsistent with their scores of the three indicators, and which
customers’ overall evaluation cannot be determined whether they are consistent with their scores of three indicators based
on the scores they provided. Then computing the proposed Sq-VC-DRSA and Dq-VC-DRSA is natural. Suppose the relative
quantitative consistency level « = 0.7 and the absolute quantitative consistency level k = 2.

In order to facilitate the comparisons, we first calculate the lower and upper approximations of le in DRSA as

=<

RA(CLlY) ={x4, x18};

S

RA(CIT) ={x2, x4, X5, X6, X9, X10, X11, X12,

X13, X14, X15, X16, X17, X18, X19, X20}.

The lower and upper approximations of le in DRSA are

<
RA(CLy) = {x4, X5, X14, X18}:
Ra(CLH=uU.
The lower and upper approximations of Clz> in DRSA are
?
Ra(Cly) ={x1, 3, X7, xs};

e
RA(CIS) ={x1, X2, X3, X5, X, X7, X3, X9, X10,

X11,X12, X13, X14, X15, X16, X17, X19, X20}.
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The lower and upper approximations of CI3> in DRSA are

-
e
RA(CIY) ={x1, X2, X3, X6, X7, Xg, X9, X10,

X11, X12, X13, X15, X16, X17, X19, X20}.

With the DRSA, elements belonging to the positive region mean that the dominating set (dominated set) of these objects
is consistent to the upward union (or downward union); elements belonging to the negative region mean that the domi-
nating set (dominated set) of these objects is totally inconsistent with the upward union (or downward union); elements
belonging to the boundary region mean that the dominating set (dominated set) of these objects cannot be judged whether
the dominating set (dominated set) is consistent with the upward union (or downward union). However, for the DRSA, the
conditions imposed on the relationship between dominating set (dominated set) and upward union (downward union) are
so strict that there are no fault tolerance mechanisms. Quantitative information about the degree of overlap of the domi-
nating set (dominated set) and upward union (downward union) is not taken into consideration. In fact, we could allow a
certain degree of inconsistencies to exist in real-life applications. Just as presented in Section 3, two kinds of quantitative
consistency levels could be obtained from the two kinds of quantitative information, namely relative quantitative level and
absolute quantitative level. In the following, we will discuss the three-way decision regions in Sq-VC-DRSA models and Dq-
VC-DRSA models. Table 6.3 and Table 6.4 are about the statistical results of upward union Cl? and downward union le
(t=1,2,3), respectively.

Based on the data stated in Table 6.3 and Table 6.4, we calculate the lower and upper approximations in Rq-VC-DRSA as
follows.

The lower and upper approximations of downward union le in Rq-VC-DRSA are

<
Ra, (CI7) ={xa, x18};
— =
Raa(ClY) ={X2, X4, X5, X6, X9, X10, X11,

X13, X14, X15, X17, X18, X19, X20}.

The lower and upper approximations of downward union le in Rq-VC-DRSA are

<
Ra, (Cly) ={x2, X4, X5, X6, X14, X17, X18, X19};
— =
Raq (CL3") ={x1, X2, X3, X4, X5, X6, X7, X8, X9, X10,

X11,X12, X13, X14, X15, X16, X17, X18, X19, X20}-

The lower and upper approximations of upward union Cl? in Rq-VC-DRSA are

-
Ra, (Cl7) ={x1,x3, X7, X3, X12, X16};
—
Raq(CIT) =(x1,X2, X3, X5, X6, X7, X8, X9, X10,

X11, X12, X13, X14, X15, X16, X17, X19, X20}.

The lower and upper approximations of upward union Cl? in Rq-VC-DRSA are

FN __(A-
Ra, (CI3) =0;
—
Raq (Cl3) ={x1, X3, X7, X3, X9, X10,
X11,X12, X13, X15, X16, X20} -

And the lower and upper approximations in Aq-VC-DRSA are calculated as follows.
The lower and upper approximations of downward union le in Aq-VC-DRSA are

=<
Ra, (CI7") ={X4, X10, X18, X19};
— =
Rak(CIYY) ={x2, X4, X5, X6, X9, X10, X11,

X14, X15, X16, X17, X18, X19, X20}-



0¢

Table 6.3
Statistical results of upward union Cl?.
+ eala - ala
U IDE, (| D}, (0 N CI7 | % D%, (0] — D, (0 N €| DR, (0| DR, (0 N CI7 | % D}, (9] — D5, 0N CI7|
t=2 t=3 t=2 t=3 t=2 t=3 t=2 t=3 t=2 t=3 t=2 t=3
X1 4 4 1 1 1/4 0 3 3 3 1 1 1/3 0 2
X2 3 0 0 0 0 3 3 8 5 2 5/8 2/8 3 6
X3 4 4 1 1 1/4 0 3 3 3 1 1 1/3 0 2
X4 1 0 0 0 0 1 1 2 0 0 0 2 2
X5 5 2 0 2/5 0 3 5 2 2 0 1 0 0 2
X6 3 0 0 0 0 3 3 8 5 2 5/8 2/8 3 6
X7 2 2 1 1 12 0 1 6 6 2 1 2/6 0 4
Xg 2 2 1 1 1/2 0 1 6 6 2 1 2/6 0 4
X9 8 4 2 48 208 4 6 3 3 2 1 23 0 1
10 4 1 0 1/4 0 3 4 2 1 1 12 12 1 1
xn 2 1 0 12 0 1 2 8 5 3 5/8 38 3 5
X12 4 3 1 3/4 1/4 1 3 2 2 1 1 12 0 1
13 2 1 0 12 0 1 2 8 5 3 5/8 3/8 3 5
X1a 5 2 0 2/5 0 3 5 2 2 0 1 0 0 2
X15 8 4 2 48 2/8 4 6 3 3 2 1 23 0 1
X16 10 7 2 7/10 2/10 3 8 1 1 1 1 1 0 0
X17 3 0 0 0 0 3 3 8 5 2 5/8 2/8 3 6
X18 4 1 0 1/4 0 3 4 1 0 0 0 1 1
X19 1 0 0 0 0 1 1 4 2 1 1/2 1/4 2 3
X20 8 4 2 4/8 2/8 4 6 3 3 2 1 2/3 0 1

9z-1 (0202) ¥z Suiuosvay apuixoiddy fo jpuinof [puonputdiu] /o 30 17’ M
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The lower and upper approximations of downward union Cl," in Aq-VC-DRSA are

=<
Ra, (Cly") ={x1, X2, X3, X4, X5, X6, X7,
X10, X12, X14, X15, X17, X18, X19};
— =
Rak(CLy") ={X1, X2, X3, X4, X5, X5, X7, X9, X10, X11,

X12, X13, X14, X15, X16, X17, X18, X19, X20}-
The lower and upper approximations of upward union Cl? in Aq-VC-DRSA are
s .
R4, (Cl3) ={x1, X3, X7, X8, X12, X13};
RAEh

—
Rak(Cly) ={x1, X2, X3, X5, X6, X7, X8, X9,

X11, X12, X13, X14, X15, X16, X17, X20}-
The lower and upper approximations of upward union Cl;; in Aq-VC-DRSA are
>;
Ra, (Cl3) ={xs};
B e
Rak(CI5) = {xg, X9, X11, X13, X16, X20}-

The lower and upper approximations in Dql-VC-DRSA are calculated as follows.
The lower and upper approximations of downward union le in DqI-VC-DRSA are

Rafy o (CI5) ={xa, x18);

— <
Ra(q 1) (CIT") ={X2, X4, X5, X6, X9, X10, X11,

X13, X14, X15, X16, X17, X18, X19, X20}-

The lower and upper approximations of downward union le in DqI-VC-DRSA are

I < .
Ra,, . (CL3) ={x2, X4, X5, X5, X14, X17, X18, X19};
—2(a,k) 2
— <
Raa 1y (CLy") ={X1, X2, X3, X4, X5, X6, X7, X3, X9, X10,
X11, X12, X13, X14, X15, X16, X17, X18, X19, X20}.

The lower and upper approximations of upward union Cl? in DqI-VC-DRSA are

I & .
R (g1 (Cl3) ={X1, X3, X7, X5, X12};
Ra(q 1 (Cl3) ={x1,x2, X3, X5, X6, X7, X3, X9, X10,
X11, X12, X13, X14, X15, X16, X17, X19, X20}.

The lower and upper approximations of upward union Cl? in DqI-VC-DRSA are

I Y (-
ﬂ(a,k)(as ) =0;
Raq 1 (Cl3) ={x1, X3, X7, X3, X9, X10,
X11, X12, X13, X15, X16, X20}-
The lower and upper approximations in DqlI-VC-DRSA are calculated as follows.

The lower and upper approximations of downward union le in DqlI-VC-DRSA are

< .
&HX,,{)(CH ) ={x4, X10, X18, X19};

—II <
Raq 1o (CI) ={x2, X4, X5, X6, X9, X10,

X11, X14, X15, X17, X18, X19, X20}.
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Table 6.5 <
Decision regions of downward union CI;" in different models.
Model Positive region Negative region Boundary region
DRSA X4,18 X1,3,7.8 X2,5,6,9,10,11,12,13,14,15,16,17,19,20
Rq-VC-DRSA X4,18 X1,3,7,8,12,16 X2,5,6,9,10,11,13,14,15,17,19,20
Ag-VC-DRSA X4,10,18,19 X1,3,7,8,12,13 X2,5,6,9,11,14,15,16,17.20
Dg-VC-DRSA I X418 X1,3,7,8,12 X2,5,6,9,10,11,13,14,15,16,17,19,20
11 X4,10,18,19 X1,3,7.8,12,13,16 X2,5,6,9,11,14,15,17,20
Table 6.6
. . . <.
Decision regions of downward union CL,” in different models.
Model Positive region Negative region Boundary region
DRSA X4,5,14,18 [ X1,2,3,6,7,8,9,10,11,12,13,15,16,17,19,20
Rgq-VC-DRSA X2,4,5,6,14,17,18,19 [ X1,3,7,8,9.10,11,12,13,15,16,20
Ag-VC-DRSA X1,2,3,4,5,6,7,10,12,14,15,17,18,19 X8 X9,11,13,16,20
Dg-VC-DRSA ! X2,4,5,6,14,17,18,19 0 X1,3,7,8,9,10,11,12,13,15,16,20
I X1,2,3,4,5,6,7,10,12,14,15,17,18,19 X8 X9,11,13,16,20
Table 6.7 o
Decision regions of upward union Cl; in different model.
Model Positive region Negative region Boundary region
DRSA X1,3,7.8 X418 X2,5,6,9,10,11,12,13,14,15,16,17,19,20
Rq-VC-DRSA X1,3,7,8,12,16 X4,18 X2,5,6,9,10,11,13,14,15,17,19,20
Ag-VC-DRSA X1,3,7,8,12,13 X4,10,18,19 X2,5,6,9,11,14,15,16,17,20
Dg-VC-DRSA I X1,3,7,8,12 X418 X2,5,6,9,10,11,13,14,15,16,17,19,20
11 X1,3,7,8,12,13,16 X4,10,18,19 X2,5,6,9,11,14,15,17,20
Table 6.8 >
Decision regions of upward union CI3~ in different models.
Model Positive region Negative region Boundary region
DRSA [ X4,5,14,18 X1,2,3,6,7,8,9,10,11,12,13,15,16,17,19,20
Rg-VC-DRSA [ X2,4,5,6,14,17,18,19 X1,3,7,8,9,10,11,12,13,15,16,20
Aq-VC-DRSA Xg X1,2,3,4,5,6,7.10,12,14,15,17,18,19 X9,11,13,16,20
Dqg-VC-DRSA I ] X2,4,5,6,14,17,18,19 X1,3,7,8,9,10,11,12,13,15,16,20
11 X8 X1,2,3,4,5,6,7,10,12,14,15,17,18,19 X9,11,13,16,20

The lower and upper approximations of downward union le in DqII-VC-DRSA are

R_Agx,k)(aj) ={x1, X2, X3, X4, X5, X6, X7,
X10, X12, X14, X15, X17, X18, X19};

ng,k)(aj) ={X1, X2, X3, X4, X5, X6, X7, X9, X10, X11,
X12,X13, X14, X15, X16, X17, X18, X19, X20}-

The lower and upper approximations of upward union CIZ> in DqII-VC-DRSA are

11 = .
Ra (g1 (Cl3 ) ={X1, X3, X7, X5, X12, X13, X16};

—I1I —
Ra(y 1) (Cl3) ={x1, X2, X3, X5, X6, X7, X3, X9,

X11, X12, X13, X14, X15, X16, X17, X20}-

The lower and upper approximations of upward union CI3> in Dqll-VC-DRSA are

>
Ragg 1 (Cl3) = {xs):

—II =
Ra(y 1 (CI3) = {x3, X9, X11, X13, X16, X201}

The related three-way decision regions of different upward and downward unions in different models are concluded in
the Tables 6.5-6.8. We can make the comparisons between the proposed single-quantitative, double-quantitative variable
consistency dominance-based rough set models and DRSA based on three disjoint decision regions.
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=
Here, as x12 € Clp, we also take x13 € cry for example. All of the customers x1, X3, X5, X7, X3, X9, X12, X13, X14, X15, X16

and xyp in Cl? made an overall evaluation of at least medium. Let us analyze the limitation of DRSA and the advantage of
the presented Sq-VC-DRSA and Dg-VC-DRSA models from this case study.

Limitation of DRSA:

It is easy to see that for the object x12 (see Table 6.2), D;A (x12) = {x7, X3, X12, X19}. X12 € Cly is dominated by 4 objects
X7, X3, X12, X19, however, one of these objects x19 belongs to the decision class Cl;. It means that the evaluations for all the
three considered condition attribute values from the customer xqi9 are not worse than the evaluations from the customer
X12, while the overall evaluation for the decision attribute value from x19 is worse than xq2, so x12 does not belong to the
lower approximation of upward union Cl; It is just for this reason xq9 that object x1, is assigned into the boundary region
from the definition of DRSA without any fault tolerance mechanism (see Table 6.7).

In the case study, we only considered 20 objects, and this inconsistency happens to the customer xi13. For the upward
union Cl; if the DRSA is used to analyze the consistency of elements in Cl>, a few elements (x19) in the dominating set of
X12 are worse than those in the decision class of x12. Obviously, the reason for this is that the conditions for obtaining the
upper and lower approximations of DRSA are too strict. When the number of objects in an ordered information becomes
much larger, such inconsistency will often arise, resulting in more inconsistencies. After adding the fault-tolerant mechanism
(adding the relative and absolute quantitative consistency levels), x12 belongs to the lower approximation, so that xi, is re-
divided into positive region, which can overcome the limitation of DRSA to a certain extent and make the more reasonable
decisions. Therefore, it is necessary to add the quantitative consistency levels to the DRSA.

Advantage of Sq-VC-DRSA and Dq-VC-DRSA:
For the relative quantitative consistency level o = 0.7, it is easy to see that |D;§A (x12) N lel/lD;{A (x12)] =3/4 > «.

x12 belongs to lower approximation of upward union Cl? with relative quantitative consistency level o = 0.7, then x13
is assigned into the positive region in Rq-VC-DRSA, DqI-VC-DRSA and DqlI-VC-DRSA models. For the absolute quantitative

consistency level k = 2, it is easy to see that |D§A (x12)| — |D;A (x12) N Cl?\ =1 < k. x13 belongs to lower approximation

of upward union Cl? with absolute quantitative consistency level k = 2, then xq, is assigned into the positive region in
Aq-VC-DRDA, Dql-VC-DRSA and DqlI-VC-DRSA models.

Compared with DRSA, when we consider a certain level of quantitative information in the upper and lower approxima-
tions, we can avoid the inconsistency situation such as the object x12. Thus, appropriately relaxing the restrictions between
the dominating set (dominated set) and the upward union set or downward union set in DRSA provides us a more intuitive
and acceptable semantic interpretation and enlarges the scope of application of DRSA.

7. Conclusions

The DRSA proposed by Greco et al. [7,8] has some effects in dealing with an ordered information system, however,
if there is a hesitation about the value of the decision attributes in a given decision ordered information system, the
disadvantage of DRSA will appear. The reason for the disadvantage of DRSA is that there is no fault-tolerance mechanism for
the conditions given to the upper and lower approximations of DRSA, and the restrictions between the dominating set (the
dominated set) and the upward union or downward union are too strict. Hence, Greco et al. [13] presented a VC-DRSA to
improve the discussed disadvantage of DRSA. In order to further overcome the disadvantage of DRSA, we develop the relative
and absolute quantitative consistency levels in an ordered information system when the upper and lower approximations
of DRSA are required to contain relative and absolute quantitative information, and then construct the Sq-VC-DRSA models
(including Rq-VC-DRSA and Aq-VC-DRSA) and Dg-VC-DRSA models. In particular, it could be seen from the definition of
lower and upper approximations in Rq-VC-DRSA that the VC-DRSA presented by Greco et al. [12,13] is actually the Rg-
VC-DRSA. In this paper, we explain the new concepts and models by using real-life case study, and discuss the decision
regions of upward union and downward union of decision classes in different models. We also interpret these two kinds of
quantitative consistency levels by analyzing the decision rules about the objects divided into different decision regions at
different kind of quantitative consistency levels and by comparing them with DRSA. In the future work, some aspects of the
Dqg-VC-DRSA models deserve to be studied, including the uncertainty measure of the models and the attribute reduction
method based on the two quantitative consistency levels.
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